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Introduction
We consider a mixed duopoly with differentiated products to study the environmental impact of optimal privatization and pollution tax. Existing studies have considered product differentiation and optimal privatization only in isolation, but not together. It is undeniable that both product variety and privatization are important features of modern economy.
Partial or complete privatization of state-owned enterprises has been a feature of government policy in many developing as well as developed countries since 1980's (Megginson and Netter, 2001; Maw, 2002) . For example, Boubakri et al. (2008) document that partial privatization of state-owned enterprises has been the most prevalent phenomenon in a sample of 120 developing countries during the period from 1988 to 2005. Evidence of partial privatization is also found by Gupta (2005) and Fana et al. (2007) in the case of India and China, respectively. Bortolotti and Faccio (2009) and New Zealand's 'Genesis Energy Limited' (49 percent) in 2014 (Wikipedia, 2014) . It has also been noted that in transition economies many state-owned industries were reliant on highly polluting technologies. Hence, omitting these considerations from formal models invariably leaves a gap in the literature.
There is a growing literature on environmental policy in strategic settings involving pri-1 vately owned firms. A wide range of issues has been covered in this literature, from product differentiation (Canton et al., 2008; Fujiwara, 2009 ) and strategic delegation (BarcenaRuiz and Garzon, 2002; Pal, 2012) to foreign trade (Barrett, 1994; Bhattacharya and Pal, 2010) . Alongside there is a separate literature on mixed oligopoly devoted to studying the strategic impact of full or partial public ownership in one of the competing firms, generally without environmental implications (deFraja and Delbono, 1989; Matsumura, 1998) .
This literature shows that optimal privatization can be partial or zero depending on many considerations such as production technology, firm entry, foreign trade and product variety.
Recently an overlap of the above-mentioned two literatures has emerged where the impact of privatization on environment is sought to be analyzed. 
Barcena-Ruiz and
Garzon (2006) and have examined the effects of privatization on environmental outcomes, by comparing equilibrium outcomes under full privatization with that under full nationalization. While Barcena-Ruiz and Garzon (2006) considered homogeneous goods, allowed product differentiation. But, none of them allowed the possibility of partial privatization and, thus, failed to analyze how the optimal privatization affects the environment. Saha (2009) studied social optimality of 1 In a monopoly set-up Beladi and Chao (2006) and Saha (2013) have examined the effects of privatization on pollution, and argued that privatization of a public firm may increase environmental damage in some cases. However, these models ignored abatement measures, and of course output competition. Ohori (2012) extends this framework to vertical relationship. Cato (2008) have demonstrated that desirability of mixed oligopoly over private oligopoly depends on the extent of negative externalities generated through production.
2 partial privatization in one or both firms in a setting of differentiated mixed duopoly with external cost (such as pollution); but his model did not allow for pollution tax or abatement measures. Using a setting of international duopoly with homogeneous products, Ohori (2006) has shown that partial privatization will be socially optimal, but the environmental damage will also be higher. In contrast, Naito and Ogawa (2009) and argued that partial privatization will improve the environment if all firms were domestically owned (assuming homogeneous products).
2 On the other hand, considering tax-subsidy scheme that allows for the possibility of the tax on the output and the subsidy on the abatement to be different, in a homogeneous products mixed duopoly, Pal and Saha (2014) have shown that the government can implement the socially optimal output and abatement by keeping the public firm fully public. However, it is optimal for the government to partially privatize the public firm, unless the private firm is fully owned by a domestic party.
From the above literature it appears that the relationship between privatization and environmental damage is complex. Ordinarily, in the presence of environmental concerns optimal privatization will be greater, because privatization tends to reduce the industry output and the associated pollution. But a pollution tax also does the same by encouraging abatement (and possibly in addition restricting output). Yet, such a simple (negative and 2 Kato (2013) analyzed implications of pollution by firms on socially optimal level of privatization, without allowing for any environmental policy instrument and ignoring the possibility of abatement by firms. Whereas, Kato (2006) examined effects of emission permits, tradable vis-a-vis non-tradable, on social welfare in the case of a mixed oligopoly. 3 monotonic) relationship holds when these two policies (privatization or tax) are used in isolation. When they are used together, greater privatization will call for a lower tax, and their combined impact on the environmental damage is far from clear. Additional complications arise if other considerations, such as foreign ownership or product variety, are taken into account. For this reason perhaps to the best of our knowledge no paper has studied optimal privatization in a differentiated oligopoly allowing for pollution tax and abatement.
We try to disentangle the privatization-environment relationship in a two-firm-twoproduct setup; both firms are domestically owned but one is public. A general treatment of this problem proves difficult, and the main stumbling block appears to be the objective function of the public firm, in particular whether it shares the government's concern for environment or not. Empirical evidence suggests that public firms' concern for the environment differs widely across countries. For example, Chang et al. (2013) demonstrate that state-owned firms tend to invest more in pollution reducing activities than privately owned firms in China. 3 A survey of managers' attitudes also reveals that Chinese stateowned firms' managers are more concerned about the environment than their counterparts in privately owned firms (Fryxell and Lo, 2001 ). On the other hand, Hettige et al. (1996) document that pollution intensities of state-owned 'pulp and paper' plants are much higher than privately owned plants in Bangladesh, India, Indonesia and Thailand. Therefore, we consider two scenarios -one in which the public firm does not take into account the environmental damage and the other where it does.
The first scenario provides some clear-cut and interesting results. The relationship between privatization and environmental damage presents an inverted U pattern. The environmental damage first increases up to a critical point, and thereafter declines steadily.
It turns out that at this critical level of privatization social welfare (which is given by economic welfare minus environmental damage) is also maximum. Essentially, the economic welfare of the society and the environmental damage are both inverted U-shaped when plotted against privatization, and both reach their maximum at the same level of privatization. Moreover, when rising economic welfare rises at a faster rate than the environmental damage, and likewise when declining it declines also at a faster rate. Therefore, when privatization is implemented at the socially optimal level, not only will the environmental damage be higher than the pre-privatization level, but it will be at its maximum.
The intuition behind this result is as follows. An increase in the level of privatization leads to (i) a decrease in the output of the public firm and an increase in the output of its rival firm (which depends on the degree of substitutability), and lower emission of pollutants in the aggregate. This is the direct effect of privatization. (ii) But higher privatization calls for a lower environmental tax, which triggers an indirect effect by inducing both firms to increase their production and cut back on abatement. Thus, the relationship between privatization and environmental damage depends on the combined impacts of the direct and indirect effects on production as well as abatement. We show that though the 5 combined impact on the industry output is negative, the indirect effect (via lower tax and its effect on abatement) will outweigh the combined effects on output until privatization reaches a critical level, and thereafter the output effect will outweigh the abatement effect. This happens mainly because the products are not perfect substitutes. With perfect substitutes the direct effect is larger and thus at all levels of privatization, environmental damage is falling, and hence privatization will always improve the environment. This can be shown as a special case of our model where the optimal privatization is zero privatization. Government in that case will combat pollution only through taxation. We also observe that optimal privatization itself bears an inverted U relationship with the degree of substitutability between the two products.
The second scenario where the public firm does care about the environment proves to be too intractable to provide any clear result in the general case. Since the public firm cares about environment, its optimal abatement will depend not only on the pollution tax but also on the level of privatization, and in addition its output will tend to rise with the pollution tax if the level of privatization is low. These two effects complicate the relationship between the two policy instruments -privatization and tax. Intuitively, if privatization is sufficiently high, the public firm is effectively a private firm having no concern for environment, and we might expect an inverted U relationship between privatization and environmental damage as witnessed in the first scenario. But when the level of privatization is low this relationship might get reversed. Thus, the relationship between privatization and environmental damage may start as U-shaped and then switches to an 6 inverted U shape. While this is still a non-monotone relationship as in the first scenario, the absence of a single pattern renders analytical solution intractable. Therefore, we consider several examples and demonstrate that the privatization-environment relationship indeed is a mixture of the two patterns. However, optimal privatization generally occurs at the U-shape range and at the declining phase. Thus, after privatization environmental damage generally will be lower in sharp contrast to the first scenario. A comparison of the equilibrium outcomes indicates that in the second scenario the optimal level of privatization and tax rate may be smaller, but social welfare and environmental damage may be higher. That social damage can be higher in the second scenario suggests that public firm's concern for environment does not ensure environmental improvement. Further, in both scenarios there is an inverted U relationship between optimal privatization and product substitutability.
For the sake of comparison we have considered a special case where products are homogeneous, firms do not undertake abatement measures and the environmental damage function is linear. 4 When the public firm does not care about the environment, the government needs to impose an environmental tax to combat pollution. However, on the issue of privatization, it prefers full public ownership. The reason is that when firms have constant and identical marginal cost of production and goods are perfect substitutes, economic welfare is maximized by turning the industry into a public monopoly. Subsequently, the public firm is disciplined through an environmental tax.
On the other hand, when the public firm cares about environment, it internalizes the 4 We are thankful to a referee for suggesting this special case.
7 social cost. Therefore, here not only does the government retain full public ownership, but also sets a zero tax. The environmentally concerned public firm does not need to be disciplined through tax. However, zero tax and environmental concerns of the public firm imply that the public firm will have a higher effective marginal cost (social marginal cost) than the private firm. Therefore, economic welfare is maximized if both firms coexist.
The voluntary output contraction by the environmentally conscious public firm is partially offset by the private firm's output. As can be seen, from this special model we learn about different implications of the tax choice, but its privatization prediction is not interesting.
Our general framework with differentiated products, abatement and quadratic damage function yields more realistic predictions.
The rest of the paper is organized as follows. The next section presents the basic framework of the model. Section 3 characterizes the equilibrium outcomes when firms do not care about environment. A comparison of the equilibrium outcomes under two alternative types of government, environment concerned vis−á−vis environment unconcerned, is also presented in Section 3. The case of social welfare maximizing public firm is analyzed in Section 4. Section 5 discusses a special case of homogeneous products. Section 6 concludes.
The model
Let us consider a differentiated oligopoly with two firms. Firm 1 is partially public and firm 2 is entirely privately owned. The inverse demand function faced by firm i (= 1, 2) is 8 assumed to be linear:
where q i and p i denote quantity and price, respectively, of the product of firm i, and γ (0 < γ < 1) denotes the degree of product differentiation. Lower value of γ indicates higher degree of product differentiation, i.e., lower degree of substitutability between products. The underlying utility function of the representative consumer is U =
where m is the quantity of the numeraire good produced in a competitive sector. This specification of the representative consumer's utility function is similar to that of Singh and Vives (1984) . We assume, for convenience, that both firms have identical marginal cost of production c, which is constant, and that there is no fixed cost of production.
5
Production processes in both firms pollute the environment. We assume, for simplicity, that production of each unit of output emits one unit of pollutant. However, pollution can be reduced by undertaking abatement measures. We consider that firm i chooses the abatement level a i (≥ 0) and, thus, it emits (q i − a i ) units of pollutant. Following Ulph (1996), we assume that the cost of pollution abatement of firm i is
and the total environmental damage due to pollution by the industry is as follows.
where d is the increment in marginal environmental damage due to pollution, which is 5 Qualitative results of this paper go through, if we consider increasing marginal costs of production.
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assumed to be greater than 1 6+2γ
. 6 Implicitly we are assuming that both products emit the same type of pollutants. This is justifiable on the ground that the products are closely related.
The government being concerned about environment imposes an environmental tax t (0 ≤ t < A − c) on each firm per unit of pollution emitted.
7 The resulting total tax revenue
The government's objective is to maximize social welfare
T − ED, which takes the following expression
Clearly, if the government did not care about environment it would not charge a pollution tax, and if it indulges in privatization it must be to maximize only the economic welfare
, as is the case with standard mixed oligopoly models.
The public firm, firm 1, may or may not share the same objective as the government even if it is fully owned by the government. Though commonly it is assumed to be the same, several papers have allowed divergence on empirical grounds as the firm level decisions are more decentralized and the privatization decision is taken at a much higher level of government. Hence, some divergence may be permitted (see Saha (2009) and Wang and
The case of ρ = 0 corresponds to the standard case in which the public firm's objective is to maximize the social welfare -same as the government. But if ρ = 1, the public firm does not care about the environmental damage and the tax revenue of the government. We will consider both scenarios to examine how the privatization decision and environmental outcomes may vary between the two cases.
Following the practice of the mixed duopoly literature (see Matsumura (1998) ) suppose the government privatizes θ ∈ [0, 1] proportion of the ownership of firm 1. The private partner of the public firm will be naturally interested in maximizing profit, while the public partner will be interested in maximizing R. Therefore, we write the partially privatized firm 1's objective function as
The stages of the game involved are as follows.
Stage 1: The government decides on the level of privatization (θ).
Stage 2: The government chooses the environmental tax rate (t).
Stage 3: Each firm simultaneously and independently decides on the output (q i ) and abatement (a i ).
We should note that stage 1 and stage 2 can be clubbed together as the same player is making the decisions without any intervening strategic interactions, and hence the optimal 11 polices of the government will not change. However, to ascertain whether environmental damage rises or falls with privatization sequencing of the two decisions will be helpful.
Firms do not care about environmental damage
First we assume ρ = 1 which implies that the public firm does not care about environment, and of course the private firm is not expected to be concerned about environment.
We start from the third stage by noting that given any (θ, t(θ)) the outcome of the strategic interactions between the two firm is given by the following equations:
In the above M R i = p i + q i (∂p i /∂q i ) represents the usual marginal revenue of firm i. Both firms produce up to where its (weighted or un-weighted) marginal revenue equals marginal cost inclusive of the tax. Since the public firm does not take the government's tax revenue into account, it perceives the tax as an added marginal cost. Both firms also abate up to the point where its marginal abatement cost equals the tax rate. There is no asymmetry between the firms in their abatement choice, because neither has concern for environment.
Due to the linear demand curves, we can explicitly solve for the outputs and abatements
and a 1 = a 2 = t.
In the above, though t is implicitly dependent on θ (due to sequential choice of θ and t), it may be useful to note the ceteris paribus effects of t and θ. We note
when θ is assumed to be unchanged 8 , and
< 0 when any effect of θ on t is ignored.
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An increase in the environmental tax rate leads to output reductions in both firms, but the reduction is larger in the public firm. On the other hand, if the level of privatization rises, its direct effect (ignoring any effect on the tax) is predictably negative on the public firm's output, positive on firm 2's output, but negative on the aggregate output. Therefore, it is apparent that if we consider only the direct effects, both privatization and pollution taxation will improve environment by reducing the aggregate outputs and increasing each firm's abatement.
Of course, to see the full effect of privatization on the environment we need to take into account the indirect effects as well that are occurring through the tax rate. Alternatively, if θ and t are decided at the same time, we need to see the combined effect of optimal θ and t on the environment and compare it with the pre-privatization level.
∂t , since θ ∈ (0, 1) in case of partial privatization.
2 , since 0 < γ < 1.
Total effects of privatization: Now we consider stage 2 of the game. Given θ from the first stage the government maximizes SW (t; θ) with respect to t with the perfect foresight of the stage 3 outcome.
It can be verified that ∂ 2 SW/∂t∂θ < 0. Hence, with the help of the second order condition ∂ 2 SW/∂t 2 < 0 we ascertain dt/dθ < 0 from the following equation
That dt/dθ indicates that privatization and environmental tax are substitutes in nature; in other words they are similar instruments for improving social welfare when there are environmental concerns.
Now consider the effect of privatization on environmental damage ED(t, θ) =
It is evident that privatization has two opposing effects on environmental damage:
(a) privatization reduces the environmental damage by restricting the overall industrial 14 production (direct effect) and (b) it calls for lower environmental tax, to take account of the economic surplus, which in turn increases environmental damage by encouraging higher production and lower abatement by firms (indirect effects).
Clearly, the overall effect can go either way depending on whether the direct effect dominates, or the indirect effects dominate. The disagreement among many authors which we discussed in the introduction stems from this ambiguity. For example, in Beladi and Chao (2006) there is only one firm and there is no abatement. Hence, the third term is absent and the second term is smaller. As a result, we get a negative overall effect (i.e. privatization leads to an improvement of environment). Similarly, in Ohori (2012) there is abatement, and hence the third term is present. But because it is a monopoly set up the direct effect dominates and we get the same effect as in Beladi and Chao (2006) . We also know that in some duopoly models with homogeneous product such as Naito and Ogawa But can we make the same conclusion with differentiated products? Clearly, in the general case that is not possible, and we need to study the explicit solution of our model.
Though it is cumbersome and tedious, fortunately we can derive an explicit solution of t in terms of θ and ascertain its first and second order derivatives. Then we are also able to derive the expression of ED(.) in terms of θ, which then can be studied to see if environment improves or deteriorates with privatization.
It can be checked that optimum t is always less than the marginal environmental damage. Given any θ, marginal environmental damage is given by ED (.) =
Using this we can write t − ED (.) =
Always t < ED (.), except in the unique special case of γ = 1 and θ = 0; t = ∂ED ∂(q 1 −a 1 +q 2 −a 2 ) only if γ = 1 and θ = 0. In other words, t < ED (.) is generally true in oligopolies, with the exception of homogeneous products and full nationalization. But for differentiated products we always have t < ED (.). Moreover, we can also ascertain that ∂t ∂θ < 0, ∂ 2 t ∂θ 2 > 0. We summarize these results in Lemma 1.
Lemma 1: For differentiated products, the optimal pollution tax is always strictly less than the marginal environmental damage, and it decreases at a decreasing rate with an increase in the level of privatization.
We observe that, if θ < 1+γ−2 γ 2 9−7 γ = θ * (0 < θ * < 1, since 0 < γ < 1),
That is, environmental damage due to pollution increases (decreases) with the increase in level of privatization, unless privatization is greater (less) than the critical level θ * . Also, note that the environmental damage is maximum
The underlying reason is as follows. When the level of privatization is relatively less (θ < θ * ), an increase in the level of privatization decreases overall production, but the environmental tax rate and, thus, pollution abatement by firms decrease more than proportionately than the decrease in overall production due to increased privatiza-
. As a result, the higher level of privatization leads to higher pollution and higher environmental damage. The converse is true, if the level of privatization is more than a critical level. Alternatively, we can say that the indirect effects of privatization on environmental damage dominates its direct effect, unless the level of privatization is more than a critical level. These are interesting findings.
Proposition 1: In the case of a differentiated mixed duopoly when the public firm
| θ=θ * < 0. Also, note that, if products are homogeneous, i.e., if γ = 1, θ * = 0. Therefore, in case of homogeneous products, the only feasible case is is unconcerned about environment, the environmental damage will be non-monotone in the level of privatization, θ. An increase in θ will adversely affect the environment, if θ < 1+γ−2 γ 2 9−7 γ = θ * (0 < θ * < 1), and improve the environment if θ > θ * . The environmental damage is maximum at θ * .
The above proposition is in contrast to many of the existing papers such as Beladi and Chao (2006) , Ohori (2012) , Naito and Ogawa (2009) and . In contrast to these papers we show that when the products are differentiated and the public firm is unconcerned about environment, privatization can further damage the environment, if privatization is still below a critical level. It is also clear from Proposition 1 that if the degree of substitutability γ is very high, say close to 1, the critical θ is zero. In that case, whatever level of privatization is chosen it will result in a smaller environmental damage.
In this sense, we are able to generate the result of Naito and Ogawa ( Optimal privatization: Now we turn to privatization decision in stage 1 with the correct anticipation of the subsequent decisions. The government will maximize M ax
where SW (θ) is obtained by substituting t(θ), q i (θ) and a i (θ) in the expression of SW .
Fortunately we can get an explicit solution for θ, and that is exactly the same critical θ (θ * ).
Clearly, 0 < θ pp < 1, since 0 < γ < 1. That is, socially optimal privatization is partial privatization. In the special case of γ = 1 we have θ pp = 0, i.e. no privatization. Also, note that the socially optimal level of privatization coincides with the environmental damage maximizing level of privatization. Then it must be the case that at the social optimum the economic welfare is also at its maximum, because social welfare is the economic welfare minus environmental damage. For the social welfare to achieve its maximum at θ pp we must have the economic welfare rising at all θ < θ pp , and it is rising at a rate faster than the environmental damage. On the other hand, at all θ > θ pp economic welfare must be declining faster than the environmental damage.
Further, θ (γ) ≥ (<)0 if γ ≤ (>)4/7(= 0.57). That is to say, θ pp also exhibits an inverted U-shaped relationship with the product substitutability parameter γ, which is depicted in Figure 1 . θ pp attains its maximum value 9/49 (=0.18) at γ = 0.57.
[- Figure (2007)). To illustrate it further, note that a fully nationalized firm sets the price at marginal cost. Privatization induces it to be less aggressive in the product market and to increase its price above the marginal cost. As a result, private firm's output increases at the expense of public firm's output leading to fall in total output. Thus, privatization adversely affects consumer surplus, but it leads to higher industry profit. Moreover, consumer surplus (industry profit) decreases (increases) at an increasing (decreasing) rate with the increase in level of privatization. For low levels of privatization, increases in privatization raise industry profit more than associated decrease in consumer surplus, when products are differentiated.
The reverse is true, if the level of privatization is sufficiently high. As a result, social welfare first increases and then decreases with increase in privatization. Therefore, in case of differentiated products mixed duopoly, partial privatization is optimal. 12 Environmental pollution due to production, together with environmental tax and pollution abatement by firms, adds another dimension to it, as discussed before.
Now we report below the optimal tax rate and some key equilibrium variables. The optimal tax rate is positive given our assumption d > 1−γ 14−12 γ which makes H > 0. This suggests pollution tax is worthwhile only if pollution exceeds a minimum threshold. It is also worth noting that the partially public firm's output will be greater than the private
Proposition 2 : Socially optimal privatization will be partial privatization, and the combination of privatization and pollution tax will damage the environment most, though they will also lead to maximum economic welfare. The partially privatized firm will produce more than the private firm in the equilibrium.
To benchmark our results, we check the level of privatization that would have been optimal had the government not been concerned for environment. In that case, it would not impose any pollution tax and consequently firms will not do any abatement. The government still would choose θ to maximize only the economic welfare of the society S 0 = U − i p i q i − i π i . In such a scenario, social welfare will be predictably lower; government's optimal privatization will be θ 0 =
(1−γ)γ 4−3γ
leading to an associated environmental damage
. It can be easily checked θ 0 < θ pp and ED 0 > ED pp . This is not surprising. When the government is not concerned about environment, it will choose a smaller level of privatization and consequently the environmental damage will be higher.
But note that ED 0 corresponds to a single policy regime (only privatization is pursued), while ED pp corresponds to a regime of dual policies (privatization and pollution tax), and 21 as already noted it is the highest within this regime. So, we can say that even if the public firm does not care about environment, we still achieve a Pareto superior outcome if the government cares about environment.
It might be useful to consider some numerical examples to gain further insights into the effects of increased product differentiation, which are not obvious from the analytical expressions above. In Table 1 (see Appendix), we report some numerical simulations assuming A = 10, c = 0 and d = 1/2, but permitting incremental variations in γ starting from γ = 1/10 and ending with γ = 9/10. Apart from reporting our main variables of interest θ and ED, we report a host range of variables. We notice that as γ increases, i.e. the products are becoming more homogeneous, overall social welfare and social damage will both fall; the tax rate will also get smaller. With reduced product variety consumers experience a loss in (gross) utility, and firms lose profit due to greater intensity of competition.
Social welfare maximizing public firm
Now we consider the second scenario where the public firm cares about environment and thus tries to maximize full social welfare. So in this case ρ = 0 and, the objective function of the partially privatized firm is O 1 = θπ 1 + (1 − θ)SW . We would like to see how the results in this case differs from the previous case.
As before we start from the last stage of the game where firms simultaneously choose their outputs and abatements. Given any (θ, t) the firms' actions are determined from the 22 following equations:
The public firm now takes into account the environmental damage in its output choice, and also it abates up to a point where its marginal abatement cost is equal to the weighted average of the pollution tax and the marginal environmental damage. If θ is close to 1, the outputs and abatements will behave in the same way as in the previous section.
But if θ is close to zero, the tax rate does not directly affect the public firm's output or abatement. But as the private firm's output will fall with the tax, the public firm's output will increase (strategic effects). The increased tax will also force the private firm to increase its abatement and will thus reduce the total as well as the marginal environmental damage. Since the public firm will equate the marginal abatement cost (which is the abatement itself) with the marginal environmental damage, it will choose a lower level of abatement. Thus, we expect to see the partially privatized firm to behave very differently in this case, if the level of privatization is sufficiently low. These intuitions can be verified from the analytical solutions:
From equation (5') we can see that if θ is close to zero, ∂q 1 /∂t > 0 and ∂a 1 /∂t < 0; the opposite is true if θ is close to 1. 13 We also see, when θ = 0 and t is sufficiently small, say t = 0, the public firm may produce less than the private firm (i.e. q 1 < q 2 ) if the damage parameter d is greater than 1. Being environmentally concerned the public firm tries to restrict pollution by producing less. It also abates more than the private firm (i.e. a 1 > a 2 ) for all plausible values of d. Even if we allow positive tax rate t (but not very high t), these results largely hold .
14 However, these are only ceteris paribus effects. We need to take into account the indirect effects of θ occurring through the tax as well. As in the earlier case, the government can restrict the private firm's output by imposing higher emission tax. But a higher tax may induce the public firm to produce more, and the industry output may increase or decrease.
Similar ambiguity may also arise for the aggregate abatement when the public firm reduces 
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its abatement in response to a rise in the emission tax. Despite these ambiguities we find that when the expressions for q 1 , q 2 , a 1 and a 2 from (5') are substituted in the expression for social welfare (SW ) in (2), SW is concave in t and it has a unique maximum, say t =t(θ). However, the expression oft(θ) is too long to report here. The sign of ∂t(θ) ∂θ also depends on too many parameters, such as A, c, d,γ, and also on the level of privatization.
Because of this difficulty no clear prediction can be made about the relationship between privatization and environmental damage. In turn the analysis of the privatization decision also becomes intractable. Therefore, we need to attempt some simulations guided by the following intuition. Intuitively, when θ is sufficiently high we should expect the same inverted U-relationship as in the previous section, and when θ is sufficiently small we should expect a U-relationship. Thus over the entire range of θ the relationship might be a mixture of the two patterns. The indirect effects of privatization may dominate only in the middle range of θ while the direct effects may dominate at both low and high values of θ.
. Then the stage 2 equilibrium tax rate, for any given level of privatization, ist(θ) = 20 (229+362 θ−299 θ 2 +616 θ 3 +192 θ 4 ) 3341+2674 θ+5837 θ 2 +2880 θ 3 +3968 θ 4 . 
Note that, in contrast to Lemma 1, the tax rate is not always decreasing in level of privatization. Nonetheless, for any given level of privatization, optimum tax rate is less than marginal environmental damage (= 20 (381+90 θ+749 θ 2 +488 θ 3 +192 θ 4 ) 3341+2674 θ+5837 θ 2 +2880 θ 3 +3968 θ 4 ). Now, substituting the above expressions for q i and a i (i = 1, 2) in (1), we get the environmental damage as follows.
ED ( It is easy to check that It is easy to check that environmental damage is maximum (minimum) at θ = 0 (θ = 1).
However, in 0 < θ < 1, environmental damage has a local minimum (maximum) at θ = θ 1 26 (θ = θ 2 ). Clearly, we can say that environmental damage is non-monotone in privatization, even if the public firm cares for social welfare (at least for some plausible parametric values), though it is no longer is inverted U-shaped. Instead, it is a mixture of the U shape and the inverted U-shape, as we have speculated in the introduction. The inverted U shape comes back at higher values of θ.
When this relation is substituted in the social welfare function, its expression becomes SW (θ) = 400 (357 + 306 θ + 517 θ 2 + 400 θ 3 + 320 θ 4 ) 3341 + 2674 θ + 5837 θ 2 + 2880 θ 3 + 3968 θ 4 .
The government maximizes the above in the first stage by choosing optimal θ = 0.10093 = θ * s . So, in this case also, partial privatization is optimal. But in contrast to the first scenario, optimal privatization does not damage the environment most; on the contrary, it improves the environment, as θ * s is clearly less than θ 1 (See Fig. 2 ). In this particular example, from the environmental point of view the best policy is full privatization; obviously that will substantially reduce the economic welfare.
We also run some simulations by varying the product differentiation parameter γ and the emission intensity parameter d. These results are reported in Table 2 (see Appendix) .
It is evident that, partial privatization is optimum from social welfare point of view and environmental damage is also non-monotone in privatization. Further, as in the first scenario, here also the optimal privatization exhibits an inverted U relationship with the product substitutability (see Figure 3) . But now this relationship is sensitive to several model parameters. Social damage and social welfare are both declining in γ as before.
[- Figure Table   1 , we find that in the second scenario the optimal privatization and tax are both lower, and the public (private) firm produces less (more) and abates more (less); social welfare is also higher. This is not surprising, because the public firm is environmentally concerned in the second scenario. But surprisingly, environmental damage is also higher in the second scenario. On close scrutiny, we see that aggregate abatements in both scenarios are more or less same, but the aggregate output in the second scenario is much higher due to lower tax, which encourages the private firm to raise its output significantly. The net effect results in greater environmental damage, despite the fact that the public firm is now environmentally concerned. This suggests that firms' environmental concern does not ensure a better environmental outcome. We also see that when the emission intensity parameter d increases, predictably social welfare falls.
Proposition 3 : When the public firm shares the same environmental concern as the government, environmental damage may first decrease with privatization, then increase, and then decrease again displaying an inverted U pattern at higher levels of privatization.
In equilibrium, privatization once again will be partial. But, in contrast to the first scenario, the environmental damage will be lower than the pre-privatization level. Also, the optimal level of privatization and tax rate may be smaller, but social welfare and environmental damage may be higher, compared to that in the first scenario.
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For the sake of comparison, let us now consider a special case in which (a) products are homogeneous (γ = 1), (b) no firm undertakes abatement measures and (c) the environmental damage function is linear ED = d(q 1 + q 2 ), while all other things remain the same as before.
In the first scenario where firms do not care about the environment, the Stage 3 equilibrium outputs of firm 1 and firm 2, environmental damage and social welfare are, respectively, as follows.
, and
Now, it can be checked that, for any given θ, the social welfare maximizing tax rate is
, which are independent of θ. Clearly, zero privatization (θ * = 0) and tax rate equal to marginal environmental damage (t * = d) is an optimal choice of the government.
In other words, when firms do not care about the environment, the government can achieve the maximum possible level of social welfare through appropriately designed tax policy, without privatizing the public firm. The industry is turned into a public monopoly. The private firm is driven out, because its marginal cost (which is production cost plus tax) is same as the public firm's, and it cannot compete with the fully public firm for their goods being perfect substitutes.
Next, in the second scenario where the public firm does care about the environment, the Stage 3 equilibrium outputs of firm 1 and firm 2, environmental damage and social welfare are, respectively, as follows.
Clearly, environmental tax will affect on environmental damage and social welfare, provided that there is privatization (θ > 0). It is also easy to check that, if θ > 0, the social welfare maximizing tax rate is t = − 1 2 (A − c − 3d), which is independent of θ. Thus,
That is, environmental damage is monotonically decreasing in privatization. However, for any given tax rate (t), we have
which implies that no-privatization (θ = 0) is socially optimal. Also, note that under noprivatization, industry output, environmental damage and social welfare do not depend on the rate of environmental tax: when θ = 0, (
Therefore, when the public firm cares about the environment, it is optimal for the government (a) to keep the public firm fully public and (b) not to impose any environmental tax.
However, unlike the first scenario, here the private firm is not driven out of the market.
Zero tax and environmental concerns of the public firm imply that the public firm will have a higher effective marginal cost (social marginal cost) than the private firm. Therefore, economic welfare is maximized if both firms coexist. The voluntary output contraction by the environmentally conscious public firm is partially offset by the private firm's output. Interestingly, in this special model, the equilibrium social welfare and environmental damage are identical under the two alternative scenarios. Thus, the lack of environmental concern of a public firm can be overcome by alternative policy instruments to arrive at the same level of social welfare.
Clearly, if we consider this special version of our model, the analysis is much simpler and results are clear-cut, but these results do not correspond to the widely observed phenomena of partial privatization and government interventions to control pollution. Our general model with product differentiation, abatement and non-linear environmental damage function generates more realistic predictions.
Conclusion
This paper shows that environmental damage is non-monotone in the level of privatization, irrespective of whether the public firm is concerned about environment or not. If firms are not concerned about environment, the relationship between privatization and environmental damage exhibits an inverted U pattern. Whereas, if the public firm does care about environment, the above relationship may start as U shaped and then changes to inverted U shape. These results are in sharp contrast to the findings of the existing studies. Moreover, this paper demonstrates that the optimal privatization is always partial privatization, and the level of privatization is higher due to environmental concern of the government. However, the nature of impact of privatization on environmental damage crucially depends on the public firm's concern for environment. Socially optimal level of privatization damages the environment most, if the public firm does not care about environment. In contrast, when the public firm is environment concerned, environmental damage at socially optimal level of privatization is lower than pre-privatization level. We also observe that socially optimal privatization seems to bear an inverted U relationship with the degree of product substitutability in both the cases. Results of numerical simulations indicate that environmental concern of the public firm may lead to lower tax rate and less privatization, but higher social welfare as well as higher environmental damage.
It seems that there is a conflict of interests between the 'green lobby' and the 'economic welfare lobby' as far as privatization is concerned. Environmental awareness of citizens and institutional factors are likely to play crucial roles in determining the relative strengths of the parties involved. It would be useful to extend this paper to a more general framework that allows for endogenous determination of the government's objective function through bargaining between the 'green lobby' and the 'economic welfare lobby'. It also remains an open problem to determine the optimal degree of environmental concern of the public firm. It might also be interesting to extend the present analysis by considering consumption related pollution.
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Appendix: 
